Abstract: This paper investigates platoon control of vehicles via the wireless communication network. An integrated longitudinal and lateral control approaches for vehicle platooning within a designated lane is proposed. Firstly, the longitudinal control aims to regulate the speed of the follower vehicle on the leading vehicle while maintaining the inter-distance to the desired value which may be chosen proportional to the vehicle speed. Thus, based on Lyapunov candidate function, sufficient stability conditions formulated in BMIs terms are proposed. For the general objective of string stability and robust platoon control to be achieved simultaneously, the obtained controller is complemented by additional conditions established for guaranteeing string stability. Furthermore, constraints such as actuator saturation, and controller constrained information are also considered in control design. Secondly, a multi-model fuzzy controller is developed to handle the vehicle lateral control. Its objective is to maintain the vehicle within the road through steering. The design conditions are strictly expressed in terms of LMIs which can be efficiently solved with available numerical solvers. The effectiveness of the proposed control method is validated under the CarSim software package.
Introduction
The platooning of autonomous vehicles within a designated lane offers many favors, such as conduct safety and welfare, reducing fuel consumption and air pollution, and improving the throughput within a designated lane [1, 2] . These profits are provided by ensuring that all the cars automatically adjust their own speeds as to steady a desired inter-vehicle distance [3] [4] [5] . Due to this, a lot of research works on platoon control, which introduced many well-known topics in terms of stability, platoon performances, have been elaborated in [6, 7] .
To ensure platooning control, several communication topologies are developed in the literature [8] and can be classified into three broad categories :
• local control strategy (LCS): based on a local context, the convoy is controlled from near-approach.
• global control strategy (GCS): based on the global context, the convoy is ordered by reference to the leader.
• mixed control strategy (MCS): taking into account the complementarities of the two LCS and GCS methods, a mixed approach can be developed.
fuzzy approach. The main contributions of the current work, compared to existing ones [11, 21, 26] , can be summarized as follows:
• We investigate the impact of the car group on the circulation flow by using a local architecture for platoon. Compared to the mixed structure adopted in [11] , this one just employs data from neighboring vehicles and the car is entirely autonomous-hence it doesn't need sophisticated sensors.
•
We also propose a variable spacing unlike the constant policy utilized in [11, 21] . Then, we develop the corresponding dynamic control law, study the individual and the string stability of the platoon and demonstrate the effectiveness and safety of the new approach.
The robustness of the proposed control law is considered regarding the communication delays.
In addition, the comfort of the passenger by saturating actuators (e.g.,the maximum deceleration and the maximum jerk (The acceleration's time derivative is the best way to exhibit a human comfort criteria.)) is taken into account. This strategy is compared to [26] in order to show its advantages with respect to communication delay in design.
The integrated longitudinal and lateral autonomous is considered in order to cover lane change maneuver. Using TS fuzzy modeling to represent the lateral vehicle dynamic as in [18] , the proposed H ∞ lateral controller can handle a large variation range of vehicle speed. This approach reduces the design conservatism.
The paper is organized as follows. Section 2 is dedicated to the longitudinal control design of autonomous vehicle while the lateral control one is proposed in Section 3. Section 4 is devoted to simulation results and shows the impact of wireless communication in individual and string stability using the CarSim software package. Finally, some conclusions have been made and future works will be highlighted.
Notations: The notation used throughout is as follows. A T denote the transpose of a matrix A. Symbol (•) indicates symmetric entries. I n denotes an n × n dimensional identity matrix and He(A) denotes A + A T . l 2 is the space of square integrable functions over [0, ∞), and ||.|| 2 denotes the l 2 -norm.
Longitudinal Controller Design

Longitudinal Vehicle Dynamics Modelling and Feedback Linearisation
We consider a platoon composed by N vehicles rolling along a single lane. Figure 1 shows the platoon where vehicles are fixed as a sequence, where each vehicle can communicate with its preceding vehicle via wireless communication.
The reference trajectory is imposed by the leading vehicle (the first vehicle of platoon labeled as vehicle 0). Our target is to synchronize the dynamics of all vehicles of the platoon to the reference behavior imposed by leader.
In this paper, we focus in the local strategy (LCS) with variable spacing which requires data communication between the vehicles. Let z i , v i and a i denote the ith (i = 1,...,n − 1) following vehicle's position, velocity and acceleration (i = 0 stands for the lead vehicle). Define the spacing error of the ith following vehicle as:
A constant time headway (CTH) spacing policy will be adopted to regulate the spacing between the vehicles. The CTH is implemented by defining the desired safe distance as:
where ∆ d is the desired vehicle spacing, L is the length of vehicle, and d stop is the standstill distance (m). The dynamics of the ith following vehicle can be modelled by the following linear differential equations (see e.g., [11] for details):
where ς i stands for the "lumped" time delay of the actuators such as engine time constant. Define
are, respectively, the state, the control input, the measured, and the constrained output vectors where
Using system (3), the state space equation of the platoon can be written aṡ
where
Likewise, the output equations are written as
For each following vehicle, the controller to be designed can be described as follows:
is the controller gain to be determined.
Problem Formulation
Miscellaneous Information Feedback
The following Figure Denote a velocity error v i−1 − v i and an acceleration error a i−1 − a i , the feedback controller gain
Then, the overall longitudinal output feedback controller becomes
Impact of Communication Limitations
Note that the output fragment y c (t) requires being designed by involving the information of the preceding vehicle successfully broadcasted by the wireless network. Then, there exists a time delay η(t), bounded by η 1 < η(t) < η 2 . Thus, for the platoon, the controller given by Equation (9) can be expressed by
Remark 1.
• Both ς i and η(t) are fixed uniform for both acceleration and brake situations because all of the vehicles are taken to be homogeneous in this work.
•
Note that more details about the transition from the Equation (9) to the Equation (10) are postponed in [27] .
Substituting (10) into (4), we finally obtain the following platoon system:
Saturation Effect of Actuator
In real applications, the exact system model is difficult to get and the actuator saturation constantly happens. It should be noted that actuator saturation can deteriorate the platoon's performance and even cause instability. Thus, in order to guarantee the platoon's safety and comfort, the following inequality holds:
Then, after having defined the longitudinal dynamics, we will present the corresponding controller design approach.
The Aim
The control objective of this paper is to achieve the vehicle platoon, with time-varying delay, such that the follower's velocity can converge to the velocity of the leader asymptotically and each vehicle can maintain a safe inter-vehicle distance to avoid collision with each other. Therefore, we must design a controller (see Equation (9)) for each following vehicle so that the following conditions are satisfied [21] :
Individual vehicle stability: the global closed-loop platoon system is asymptotically stable with respect to the communication delay and saturation effects.
2.
The vehicle platoon mets the following performance index:
3.
String stability: the swings are not magnifying with a vehicle index due to any handling of the head vehicle [10] , namely, G(jw) < 1 for any w > 0, where G(s) = ∆ i (s)/∆ i−1 (s); or in the same way, the impulse response g(t) corresponding to G(s) is larger than zero for all t.
Single Vehicle Stabilisation
Guaranteed Cost Controller Design
Define the time-weighted quadratic cost function as follows:
where Q and R are positive definite matrices. The purpose of this subsection is to design a controller which ensure asymptotically stability of system (11) satisfying the performance index J ≤ J * , where J * is an upper bound of quadratic cost. We provide the following result for the robust closed-loop system (11).
Theorem 1.
Let scalar µ 1 > 0, and closed-loop networked platoon system (11) is asymptotically stable, if there exist positive matrices P, T 1 , T 2 , Z 1 , Z 2 and matrices G, K o and K c with appropriate dimensions, such that the following condition holds:
Proof. Define a Lyapunov-Krasovskii function candidate as:
Employing the Lyapunov function given in (19) and according to zero-value expression obtained from (11), we have:
We can write (20) in the following form:
It is visible from (21) thaṫ
Under the zero-initial condition, integrating (25) over the range [0, ∞) yields
From the expression of the Lyapunov functional in (19) , we obtain that x T (t)Px(t) < α 1 and
As [28] , the following inequality holds:
where σ 1max and σ 2max represent the maximal eigenvalues. The aforementioned inequality leads to the fact that the constraints in (15) are guaranteed, if
which is guaranteed by the feasibility of (18) . This completes the proof.
Remark 2.
It should be mentioned that the slack variables G added reduce the conservatism of the controller design approach and provide more freedom degrees in the solution space. Furthermore, the objective function (16) offers a trade-off between performance and control effort, according to weighting matrices Q and R.
Remark 3. In the following, sufficient conditions (17) are given to ensure asymptotic stability of (11), but they are BMIs and cannot be determined by a convex linear optimization algorithm. Then, we will use a nonlinear optimization based on 'bmibnb' solver in order to compute gain matrices. Our method is implemented in the Yalmip Toolbox.
String Stability
A main task of platoon control is to enhance the traffic stream ability while providing safety. Thus, string stability becomes the major performance mainstay, which intends for the spacing errors to reduce as they spread along the vehicle circulation. In an instability case, the conscript 'slinky effect' will occur and thus cause a potential traffic jam and also a rear-end clash [1, 21, 25] . It is known that string stability is guaranteed when the transfer function from the spacing error of a vehicle to that of its following vehicle has a magnitude smaller than one second [29] . In this context, an important issue comes from the wide use of wireless communication. The wireless communication channel is an unsettled and very restrictive support, which generally introduces non-negligible time delays. The time delay in wireless communication will largely increase the difficulty to stabilise the platoon, in the presence of the slinky effect. Here, we assume that the communication delay η(t) is uniform and bounded. In [30] , optimal adaptive cruise control, with guaranteed string stability considering variable spacing, is addressed. In the actual paper, we have developed techniques to investigate the named string stability property of the vehicle platoon considering both effects of time headway and delay induced by the wireless network. In the above section, considerations have been focused primarily on the stability of each individual vehicles in the platoon system. Here, we tackle the problem of string stability, including the three objectives presented in Section 2.2. In addition, we give results on string stability. The third derivative of Equation (1) gives us
Substituting (8) into (3), we obtaiṅ
Combining with (25) , the equation of spacing error can be written under the form
Applying the Laplace transform to Equation (26), we can get
Based on this transfer function, we have the following result on string stability.
Theorem 2.
For the platoon-spacing error system (26), |
|≤ 1 holds for any w > 0, if the following conditions are satisfied:
Proof. First, we write |
Since a > 0, |
|≤ 1 hold true, i.e., the platoon is string stable, if b ≥ 0. From (28) and the fact that sin(ηw) ≤ ηw, we have for w > 0 that
Using the condition (28b), we have
Since ς i , K p , K a and K al are all positive, and the fact that cos(ηw), sin(ηw) ≤ 1, one can obtain
Thus, if the conditions (28c,d) hold, then b ≥ 0. This completes the proof.
Remark 4.
It should be noted that the conditions for achieving platoon control require combining Theorems 1 and 2. This yields an upper bound for the time delay, that is,
Lateral Controller Design
Bicycle Model
The simple kinematic vehicle model is used for simpler control of the vehicle dynamics during avoidance screenplay. Then, the single track vehicle model characterizing planar vehicle motion is depicted in Figure 3 .
For lateral dynamics, we use the following set of differential equations to describe the vehicle motion within the lane subject to the lateral and yaw dynamics [1] :
where β denotes the sideslip angle, F f is the cornering force of the two front tires, and F r is the cornering force of the two rear tires. v is the longitudinal velocity, I z is the yaw moment of inertia, m is the vehicle mass andψ is the yaw rate, where ψ denotes the vehicle orientation. e ψ and e y denote the vehicle orientation and position errors, respectively, w.r.t. the road centerline and ψ d is the orientation of the road centerline. The linear model is the simplest model of the lateral tire forces. It is defined as
where C i0 are the cornering stiffness, and α f and α r are the front and rear tire slip angle, respectively, can be approximated as,
where δ denotes the steering angle. The parameters of the vehicle are given in the following We compactly rewrite Equations (33)- (35) to form the nonlinear model,
where ξ i (t) = βψ e ψ e y , u = δ, W i (t) =ψ d are the state, input and disturbance vectors, respectively:
These nonlinear matrices A ξ (v), B u (v) are in function of the vehicle speed v,
where v min = 2 (m/s) and v max = 30 (m/s). The conventional sector nonlinearity approach will lead to an exact TS fuzzy model with 2 3 = 8 linear subsystems. However, this accurate approximation would be too expensive in terms of numerical computation for control design. To overcome this problem, Taylor's approximation method as in [18] is applied to reduce not only the numerical complexity but also the conservatism of the results. Obviously, according to the Taylor's approximation (first order), we obtain
where the measured parameter φ x , called premise variable, is employed to represent the variation of v between its lower and upper bounds. Define the two constants v 0 and v 1 in (38) as
Using the sector nonlinearity approach after replacing (38) into (36), in order to obtain a TS fuzzy lateral model (33) composed by only two linear subsystems whose matrices are defined as:
The two corresponding membership functions of this TS fuzzy model are given as follows:
and satisfying the conditions (41):
Then, the closed-loop system (36) can be written
where the overall lateral output feedback controller is governed by
where A 1 ξ and B 1 u correspond to subsystem Σ v1 and A 2 ξ and B 2 u correspond to subsystem Σ v2 .
TS H ∞ Design Conditions
In this section, we focus our attention on designing robust H ∞ fuzzy SOF controllers gains K i of system (42). To obtain Theorem 3, we were inspired from the results of Theorem 1 in [32] , ignoring the effects of interconnection between subsystems and those in [27] .
Theorem 3.
For given scalars η 3 > 0, η 4 > 0 , µ 1 , µ 2 , and µ 3 , the closed-loop system (42) is asymptotically stable, if there exist positive matricesP,Q 1 ,Q 2 ,Q 3 ,Z 1 , and matricesĜ 11 > 0,Ĝ 21 > 0 andĜ 22 > 0, and Y s , with appropriate dimensions, such that the following conditions hold:
Then, the desired controller gains are given by K s = Y s WSĜ −1
11 S −1 W T , where W, S and V are derived from SVD decomposition of D y .
Coupling Dynamics
In this paper, we combine both the longitudinal and lateral dynamics which are linked by vehicle velocity as shown in Figure 4 . Our results clearly differ from existing ones [11, 25] , which didn't consider the lateral control system where the platoon will roll just in a straight line. Then, the goal of the lateral control is to maintain the vehicle within the lane through steering. 
Simulation Results
In the following subsections, we evaluate the performances of the proposed control approach. The results are firstly presented for a platoon of six vehicles, which runs in a virtual environment established using the System Build software package in Matlab. After that, simulation results have been carried out using a professional simulator (CarSim) with two vehicles.
Longitudinal Tracking Performance and String Stability
In this subsection, we show how to apply the proposed control method to a vehicle platoon, using Matlab simulation. The desired inter-vehicle distance is variable and depends on velocity. The maximum studied speed is 30 m/s. Three simulation cases will be presented thereafter:
•
The following parameters are used in the simulation process: the delay lower bound η 1 = 60 ms, upper bound η 2 = 680 ms, h d = 0.8, µ 1 = 0.1, R = 1 and Q = I 3 . According to Theorems 1 and 2, we get these controller gains:
• If we choose h d = 1.5, η 1 = 60 ms and upper bound η 2 = 800 ms, we obtain the following controller gains:
• However, if we neglect transmission delay in design, by Lemma 2 in [26] , we can find the following controller gains:
The components of the initial condition are chosen for the five vehicles as x i (0) = 0 1 0
In order to evaluate the performance of the proposed control approaches, simulations are carried out for a car following scenario by simulating a platoon consisting of six vehicles. The speed profile of leader vehicle is shown in Figure 5 and summarized as follows:
1.
Changing the speed of the platoon (from 2 m/s to 20 m/s) at 0 s to verify string stability.
2.
Performing an emergency braking at 30 s to satisfy the driver longitudinal ride comfort.
3.
Thereafter, the lead vehicle is accelerated and decelerated (hard braking-and-go) to check safety.
All of the following vehicles are controlled to follow the lead vehicle by the proposed controller and controller of Lemma 2 in [26] , respectively. At the beginning of the driving scenario, all the vehicles evolve with an initial speed of 2 m/s.
Firstly, we denote without considering network communication and using the controllers (49) that the platoon has a stable behavior. The results are clearly illustrated in Figure 6 . We can see from Figure 6a that the spacing errors decrease when they propagate through the platoon and the speed of the vehicles converges towards the speed of the leader.
The safety of the platoon in case of an emergency braking is shown in Figure 6c . The inter-vehicle distances are always greater than zero, so no collision occurs. We remark that accelerations for all following vehicles are equal to 3.1 m/s 2 , which corresponds to the comfort acceleration limit. In addition, Figure 6e highlights that the jerk (which is the acceleration's time derivative is the best way to exhibit a human comfort criteria.) magnitude is reasonably lower than 2 m/s 3 as defined in [33] .
On the contrary, when using the same controller (49) with network communication integration in simulation, the behavior of the platoon becomes unstable as observed in Figure 7 . We remark that the inter-vehicle distances are negative and the velocity has bad tracking performance. Thus, in order to handle the stability and performance of the platoon, despite the effects of the network communication, we have tested the proposed method of Theorem 1 in this paper with considering delay in the control design with (47). The following remarks can be deduced:
•
The spacing errors decrease which guarantee string stability as shown in Figure 8a , • The inter-distances magnitude in the presence of networked communication is positive and smaller than those without delay, which prove the good performance of our controller (48) as in Figure 8b .
The speed tracking performances are good as well in dynamics as in statics as depicted in Figure 8c .
• The platoon maintains its stability, safety and good performance with controller (47) despite constraints of communication networks.
Comparing Figures 8 and 9 , we can point out that the best performances of platooning, through network communication, can be achieved with a time headway less than 1 s. We remark that with h d = 0.8s, spacing errors and inter-vehicle distances decrease.
The results indicate that the proposed longitudinal controllers can further improve the platoon system stability and performance, under the effect of communication delays and actuator saturation, with small time headway. 
Lateral Control Performance
In this subsection, we assess the performance of the proposed lateral control approach. In the lateral control simulation, we consider the curvature of the road traversed by the vehicle platoon shown in Figure 10 and also the trajectories depicted in Figure 11 . Then, using the parameters µ i = 1 for i = 1, . . . , 3, the delay lower bound η 3 =6 ms, upper bound η 2 =30 ms, Theorem 3 produces a feasible solution with the following gains matrices: Figure 11b . Thus, the states and control inputs of the lateral dynamics for followers are illustrated in Figure 11 . Obviously, the suggested fuzzy TS controller improves stability and vehicles can track each other with minimal deviation in spite of the communication delays and the rather big variation in longitudinal velocity. As can be seen, the vehicle speed for this scenario strongly varies within its range v ∈ [2, 35] . This clearly justifies the interest of the proposed TS fuzzy model-based control method.
We see from Figures 8 and 11 that the behavior of the platoon becomes stable despite these factors, namely:
constraints of communication networks, namely the network-induced delays shown in Figure 7a for longitudinal case and Figure 11a for lateral control which are generated randomly, 2.
big variation of the leader longitudinal vehicle speed illustrated in Figure 5 . 
CarSim Software Validation
CarSim is a professional software dedicated to the simulation of the vehicle dynamics, and it is developed by the 'Mechanical Simulation Corporation' company. With this simulator, any vehicle's driving test on a test track or on the road can be simulated before the actual real test. Thus, we can virtually reproduce different driving situations and test the behavior of the vehicle and its reaction to different maneuvers (lane change, slalom, acceleration, slope, etc.). CarSim has five main parts that allow you to choose the simulation parameters, the test conditions and the animation as well as the illustration of the results:
• Vehicle Parameters: This block is used to define several physical parameters of the vehicle (dimensions, engine, tires, bodywork and mathematical models that represent the tire/ground contact forces and suspension forces exerted on the vehicle, etc. CarSim has a standard interface to Matlab/Simulink allowing the co-simulation between them. Thus, the platooning approach is verified by CarSim in an obstacle avoidance scenario (Figure 12g) . A double lane change test (Figure 12h ) is conducted with steering wheel angles depicted in Figure 12c . In this simulation, the vehicles are driven at a variable speed (Figure 12b ). We can see from the results shown in Figure 12a -g the good performance and efficiency of the proposed approach despite communication delays. In fact, the controlled vehicle managed to follow its preceding vehicle (leader). 
Conclusions
In this paper, the design of integrated controllers for autonomous vehicles has been addressed. Both longitudinal control and lateral control approaches were developed and analyzed. On the one side, vehicle longitudinal control was designed and robustness of the control laws regarding the communication delays and actuator saturation was also dealt. A new platoon model considering a variable inter-vehicle distance proportional to vehicle velocity has been defined. The objective of the proposed controller is to regulate the speed of the follower vehicle while keeping the inter-distance to the desired value. On the other hand, the lateral control was studied aiming to maintain the vehicle within the road through steering. Then, an integrated control structure was proposed, and the longitudinal and the lateral controllers were combined for the fully automated vehicle control.
The simulation results showed that the proposed controllers were able to perform accurate longitudinal control and lateral control as well as provide good ride quality.
Our future research topic includes the experimental validation of the proposed approach by urban vehicles.
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